Abstract. Using a physically motivated stress energy tensor, we prove weak and strong monotonicity formulas for solutions to the semilinear elliptic system ∆u = ∇W (u) with W nonnegative. In particular, we extend a recent two dimensional result of [12] to all dimensions.
Consider the semilinear elliptic system ∆u = ∇W (u) in R n , n ≥ 1, (0.1)
where W ∈ C 3 (R m ; R), m ≥ 1, is nonnegative. In the scalar case, namely m = 1, Modica [7] used the maximum principle to show that every bounded solution to (0.1) satisfies the pointwise gradient bound
2) (see also [3] ). Using this, together with Pohozaev identities, it was shown in [8] that the following strong monotonicity property holds:
where B R stands for the n-dimensional ball of radius R that is centered at 0 (keep in mind that (0.1) is translation invariant).
In the vectorial case, that is m ≥ 2, in the absence of the maximum principle, it is not true in general that the gradient bound (0.2) holds (see [12] for a counterexample). Nevertheless, it was shown in [1] , using a physically motivated stress energy tensor, that every solution to (0.1) satisfies the weak monotonicity property:
where
for related results, obtained via Pohozaev identities, see [2] , [4] and [9] ). In fact, as was observed in [1] , if u additionally satisfies the vector analog of Modica's gradient bound (0.2), we have the strong monotonicity property (0.3).
Interesting applications of these formulas can be found in the aforementioned references. The importance of monotonicity formulas in the study of nonlinear partial differential equations is also highlighted in the recent article [5] .
Recently, it was proven in [12] that, if u is a bounded solution to the scalar problem with n = 2, we have that d dR
This was accomplished by deriving an alternative form of the stress energy tensor for solutions defined in planar domains, and by giving a geometric interpretation of Modica's estimate (0.2). We emphasize that the interesting techniques in [12] are intrinsically two dimensional and seem hard to generalize to higher dimensions. Interestingly enough, in the vector case, it is stated in [6] (without proof) that Pohozaev identities imply that solutions to the Ginzburg-Landau system
with n ≥ 2, m ≥ 2, satisfy the weak monotonicity property
It is tempting to wonder whether there is a strong version of (0.6), that is with n − 1 in place of n − 2, in the scalar case (for any smooth W ≥ 0), which for n = 2 gives (0.5). In this note, by appropriately modifying the systematic approach of [1] , we prove the following general result which, in particular, confirms this connection.
nonnegative, we have the weak monotonicity formula: d dR
In addition, if u satisfies Modica's gradient bound, that is 1 2
we have the strong monotonicity formula:
Proof. By means of a direct calculation, it was shown in [1] that, for solutions u to (0.1), the stress energy tensor T (u), which is defined as the n × n matrix with entries 11) and that
where I n stands for the n × n identity matrix.
As in [10] , writing x = (x 1 , · · · , x n ), and making use of (0.10), we calculate that
On the other side, from the divergence theorem, denoting ν = x/R, and making use of (0.12), we find that
Since W is nonnegative, if n ≥ 3, we have that
By combining (0.11), (0.13), (0.14) and (0.15), for n ≥ 3, we arrive at
(clearly this also holds for n = 2). We have thus shown the first assertion of the theorem. Suppose that u additionally satisfies Modica's gradient bound (0.8). Then, we can strengthen (0.15), for n ≥ 2, by noting that 
